Abstract. The extreme ranks, i.e., the maximal and minimal ranks, are established for the general Hermitian solution as well as the general skew-Hermitian solution to the classical matrix equation AXA * + BY B * = C over the quaternion algebra. Also given in this paper are the formulas of extreme ranks of real matrices
1. Introduction. Throughout this paper, we denote the real number field by R, the complex number field by C, the set of all m × n matrices over the quaternion algebra H = {a 0 + a 1 i + a 2 j + a 3 k | i 2 = j 2 = k 2 = ijk = −1, a 0 , a 1 , a 2 , a 3 ∈ R} by H m×n , the identity matrix with the appropriate size by I. For a quaternion matrix A, we denote the column right space, the row left space of A by R (A), N (A) , respectively, the dimension of R (A) by dim R (A) . By [9] , dim R (A) = dim N (A) , which is called the rank of A, and denoted by r(A). The Moore-Penrose inverse of a matrix A ∈ H m×n , denoted by A † , is defined to be the unique matrix X ∈ H n×m satisfying ELA 554 Q.W. Wang and J. Jiang general Hermitian solution to (1.1). We also give the corresponding results on the skew-Hermitian solution to (1.1). In Section 3, we first present the maximal and minimal ranks of the real matrices X 1 , X 2 , X 3 , X 4 and Y 1 , Y 2 , Y 3 , Y 4 in a Hermitian solution X = X 1 + X 2 i + X 3 j + X 4 k, Y = Y 1 + Y 2 i + Y 3 j + Y 4 k to (1.1), then give some necessary and sufficient conditions for (1.1) to have a real symmetric solution, a complex Hermitian solution, and a pure imaginary Hermitian solution. The corresponding results on the skew-Hermitian solution to (1.1) are also considered. Some special cases of (1.1) are also considered in Section 4.
Ranks of the general Hermitian solution to (1.1).
In this section, we consider the maximal and minimal ranks of the general (skew-)Hermitian solution to (1.1) over H.
We begin with the following lemma that is due to Tian [18] , and can be generalized to H.
Lemma 2.1. Suppose that the matrix equation (2.1)
AXB + CY D = E is consistent over H, where X ∈ H p×q , Y ∈ H s×t unknown. Then the general solution of (2.1) can be expressed by
where X 0 and Y 0 are a special pair solution of (2.1), S 1 = (I p , 0) , S 2 = (0, I s ) , T 1 = (I q , 0) * , T 2 = (0, I t ) * , G = (A, 
where X 0 and Y 0 are a special pair skew-Hermitian solution of (1. Proof. We here only prove 1. The proof of 2 can be similarly finished.
Suppose that
are an arbitrary pair Hermitian solution of (1.1). It follows from Lemma 2.1 and
whereX 0 andỸ 0 are a special pair solution of (1.1), and U, V 1 , V 2 , W 1 , and W 2 are arbitrary matrices with suitable sizes. Since
is also a pair Hermitian solution of (1.1), we get that 
If
The following lemma is due to Marsaglia and Styan [14] , which can be generalized to H.
Then they satisfy the following rank equalities: (a) r(CL
Now we give one of the main theorems in this paper. Proof. (a) Applying Lemma 2.2 and Lemma 2.3 to X of (2.2), we get that 
By Lemma 2.4, block Gaussian elimination, and
Substituting above two equalities into (2.8) and (2.9) yields (2.4) and (2.5), respectively.
Similarly, we can get the corresponding results on Y. Similarly, we can get the following. 
.
(b) The rank of the general skew-Hermitian solution X to (1.1) is invariant if and only if
2r[B, C] − r C B −B * 0 = n, or r[B, C] + r(A) + r(G) = r C B −B * 0 + 2n.
The rank of the general skew-Hermitian solution Y to (1.1) is invariant if and only if
3. Extreme ranks of the real matrices in a Hermitian solution to (1.1) over H. In this section, we consider the maximal and minimal ranks of real matrices
p×p to (1.1) where
, are real matrices with suitable sizes.
For an arbitrary quaternion matrix
By (3.1), it is easy to verify that φ(·) satisfies the following properties: 
In the following theorems and corollaries, X 0 , Y 0 , S 1 , S 2 , and G are defined as in Lemma 2.2. 
has a symmetric solution over R. In this case, the general Hermitian solution of (1.1) over H can be written as:
where 
10)
11) 
Z is arbitrary real symmetric matrix, and Proof. Suppose that (1.1) has a Hermitian solution
over H. Applying properties (a) and (b) of φ(·) to (1.1) yields
which implies that φ(X), φ(Y ) are real symmetric solutions to (3.2). Conversely, suppose that (3.2) has a real symmetric solution
By property (d) of φ(·), we have that
n , and S p Y S −1 p are also symmetric solutions of (3.2) over R. Thus, 4×4 , i, j = 1, 2, 3, 4 and
has a form similar to ( X ij ) 4×4 . We omit it here for simplicity.
Then by (3.1),
we have thatX,Ŷ are a pair Hermitian solution of (1.1) by the property (a). Observe that X ij and Y ij , i, j = 1, 2, 3, 4 in (3.2) can be written as
. From Lemma 2.2, the general solutions to (3.2) can be written as 
Substituting them into (3.3) and (3.4) yields real matrices X i and Y i , i = 1, 2, 3, 4 in (3.5)-(3.12).
Now we consider the maximal and minimal ranks of real matrices X i , Y i in Her- 
Then we have the following:
(a) The maximal and minimal ranks of X i in the general Hermitian solution
where
(b) The maximal and minimal ranks of Y j in a Hermitian
Proof. We only derive the maximal and minimal ranks of the matrix X 1 . The others can be established similarly. Applying Lemma 2.3 to (3.5), we get the following
Q.W. Wang and J. Jiang
By Lemma 2.4, block Gaussian elimination, and AX 0 A * + BY 0 B * = C, we have that
Similarly, we can simplify the following
Thus we have the results for extreme ranks of the matrix X 1 in (a). Similarly, applying Lemma 2.3 and Lemma 2.4 to (3.6)-(3.12) yields the other results in (a) and (b). 
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In that case, the real symmetric solution X can be expressed as X = X 1 in (3.5). (b) All the solutions of (1.1) for X are real symmetric if and only if
In that case, the real symmetric solution X can be expressed as X = X 1 in (3.5). (c) (1.1) has a complex Hermitian solution X if and only if, for i = 3, 4,
In that case, the complex Hermitian solution X can be expressed as X = X 1 + X 2 i, where X 1 , X 2 are expressed as (3.5) and (3.6). In that case, the complex Hermitian solution X can be expressed as X = X 1 + X 2 i, where X 1 , X 2 are expressed as (3.5) and (3.6) . (e) (1.1) has a pure imaginary Hermitian solution X if and only if
In that case, the pure imaginary Hermitian solution X can be expressed as X = X 2 i + X 3 j + X 4 k, where X 2 , X 3 , and X 4 are expressed as (3.6), (3.7), and (3.8). In that case, the pure imaginary Hermitian solution X can be expressed as X = X 2 i + X 3 j + X 4 k, where X 2 , X 3 , and X 4 are expressed as (3.6), (3.7), and (3.8).
Using the same method, we can get the corresponding results on Y.
Remark 3.4. Similarly, we can get the corresponding results on the skewHermitian solution of (1.1).
4. Ranks of Hermitian solution to some special cases of (1.1). In this section, we consider some special cases of (1.1) over C. When B vanishes, (1.1) becomes (1.2) where A ∈ C m×n , C ∈ C m×m . We get the corresponding results on (1.2) as follows. 
(ii) The maximal and minimal ranks of X 2 in the Hermitian solution X = X 1 + X 2 i to (1. Remark 4.2. Corollary 4.1 is Theorem 2.2 of [13] . Similarly, Theorem 3.2 of [13] can be regarded as a special case of (1.1) with skew-Hermitian solutions.
